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\Q ' Abstract 

O ' 

As been recently pointed out, physically relevant models derived from string theory re- 
quire the presence of non-vanishing form fluxes besides the usual geometrical constraints. 
In the case of NS-NS fluxes, the Generalized Complex Geometry encodes these informa- 
tions in a beautiful geometrical structure. On the other hand, the R-R fluxes call for 
supergeometry as the underlying mathematical framework. In this context, we analyze 
the possibility of constructing interesting supermanifolds recasting the geometrical data 
and RR fluxes. To characterize these supermanifolds we have been guided by the fact 
topological strings on supermanifolds require the super-Ricci flatness of the target space. 
This can be achieved by adding to a given bosonic manifold enough anticommuting co- 
ordinates and new constraints on the bosonic sub-manifold. We study these constraints 
at the linear and non-linear level for a pure geometrical setting and in the presence of 
p-form field strengths. We find that certain spaces admit several super-extensions and 
we give a parameterization in a simple case of d bosonic coordinates and two fermionic 
coordinates. In addition, we comment on the role of the RR field in the construction 
of the super-metric. We give several examples based on supergroup manifolds and coset 
supermanifolds. 
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1 Introduction 



Recently the pure spinor formulation of superstrings [1, 2] and the twistor string theory 
[3] have promoted supermanifolds as a fundamental tool to formulate the string theory 
and supersymmetric models. The main point is the existence of background fields of 
extended supergravity theory (and therefore of 10 dimensional superstrings) which are the 
p-forms of the fermionic sector of superstrings. Those fields can be coupled to worldsheet 
sigma models fields by considering the target space as a supermanifold. Indeed, as shown 
in [4, 5] by adding to the bosonic space some anticommuting coordinates 0's, one can 
easily encode the informations regarding the geometry and the p-form fluxes into the 
supermetric of a supermanifold. In the present paper, we provide a preliminary analysis 
of the construction of supervarieties on a given bosonic space with or without p-forms 
(these are usually described by a bispinor F^ u since they couple to target space spinors). 
We have to mention the interesting results found in [6, 7, 8, 9] stimulated by the work 
[3, 10]. There the case of super-CY is analyzed and it is found that by limiting the number 
of fermions, the constraints on the bosonic submanifold of the supermanifold become very 
stringent. The super-CY spaces were introduced in string theory in paper [11]. There 
the sigma models with supertarget spaces, their conformal invariance and the analysis 
of some topological rings were studied. In addition, we would like also to make a bridge 
with the recent successes of the Generalized Complex Geometry [12, 13] to construct N=l 
supersymmetric vacua of type II superstrings [14]. In that context, the flux of the NS-NS 
background contributes to the generalized geometry and space is no longer CY. In the 
same way for a super-CY its bosonic subspace does not need to be a CY. 

The differential geometry of supermanifolds is a generalization of the usual geometry 
bosonic manifolds extended to anticommuting coordinates. There one can define super- 
vector fields, superforms and the Cartan calculus. In addition, one can extend the usual 
Levi-Civita calculus to the fermionic counterparts defining super-Riemann, super-Ricci 
and super- Weyl tensor fields. A tensor has fermionic components and each component 
is a superfield. Due to the anticommuting coordinates, one defines also a metric on a 
supermanifold which can be generically given by 

ds 2 = G {mn) dx m <g> dx n + G miI dx m <g> d0" + G [H dO" <g> d9 v (1.1) 

where G( mn )(x, 9), G mfl (x, 9), G^^x, 9) are superfields and the tensor product <E> respects 
the parity of the differentials dx m , d9^. The superfields are polynomials of 0's and the coef- 
ficients of their expansions are ordinary bosonic and fermionic fields. For example the ex- 
pansion of G mn (x, 9) = Gmn{x) + - ■ • has a direct physical interpretation: Gmn = gmn V \x) 
where the latter is the metric of the bosonic submanifold and the higher components are 
fixed by requiring the super-Ricci flatness. The physical interpretation of G^ m and G^ u 
is more interesting. Indeed, as suggested by the pure spinor string theory [1, 15, 16] the 
first components of G^ u can be identified with a combination of RR field strengths (in 
the text, this point will be clarified further). The first component of G^ m are fixed by 
consistency and, in a suitable gauge, it coincides with a Dirac matrix. 
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This is not the only way in which the RR fields determine the geometrical structure 
of the supermanifold. We learnt from recent analysis [17, 18, 19, 20] in superstrings and, 
consequently in supersymmetric field theory, that the superspace can be deformed by the 
existence of RR field strength F tJ,v (x, 6) 

{0", 0"} = F"" . (1.2) 

This has been only verified for constant RR field strengths. 

Notice that a given bispinor F^ v is decomposed into a symmetric F^ u "> and antisym- 
metric part F^ u \ Therefore, it is natural to identify the antisymmetric part with the 
fermion-fermion (FF) components G[^ u ](x) of the supermetric (1.1) and the symmetric 
one with the non-vanishing r.h.s. of (1.2). This is very satisfactory since it provides 
a complete mapping between the superstring background fields and the deformations of 
the superspace: the non-commutativity and the non-flatness. Indeed, the presence of 
a superfield G^ u (x,8) in the supermetric modifies the supercurvature of the superspace. 
So, finally we can summarize the situation in the following way: given the backgrounds 
g mn and the NSNS b mn they are responsible for the deformation of the bosonic metric 
and of the commutation relations between bosonic coordinates [x m ,x n ] = 9^ mn ^ (where 
Qmn _ ^-ljmnj^ Q n ^ e other side, the RR fields deforms the supermetric and the anti- 
commutation relations. 

There is another important aspect to be consider. The anticommuting deformation of 
superspace is treatable whether the field strength F^ v of the RR field is constant and, in 
four dimensions [19], whether is self-dual. In that case, there is no back- reaction of the 
metric and it is a solution of the supergravity equations. In the case of antisymmetric RR 
fields, which deform the supermetric (1.1), we have to impose a new condition in order 
that the worldsheet sigma model is conformal and therefore treatable. We require that 
the supermanifold is super-Ricci flat 

Rmn = 0. (1.3) 

In this way, we can still use some of the conventional technique of conformal field theory 
and of topological strings to study such models. The main point is that even if there is 
back-reaction, this is under control since the total superspace is super-Ricci flat [4, 5, 21, 
22, 23]. 

We would like to remind the reader that the super-Ricci flatness is the condition 
which guarantees the absence of anomalies in the case of B-model topological strings on 
supermanifolds [24]. This is equivalent to the well-known condition for conventional B- 
model on bosonic target spaces. The latter have to be Calabi-Yau which are Ricci-flat 
Kahler spaces. A main difference is that the CY must be a 3-fold in order to compensate 
the ghost anomaly. In the case of supermanifold this is given by a virtual dimension 
which is essentially the difference between the bosonic and fermionic dimensions [25]. In 
the A-model, the CY conditions is required for open string in presence of D-branes (see 
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[24] for a complete discussion). 1 

We start with a metric on a given space, for example the round sphere metric for S n , 
or Fubini-Study metric for CP n . Then we construct the corresponding supermanifold 
by adding anticommuting coordinates and additional components of the metric (in some 
cases, the extension of the metric to a super-metric is not enough and some non- vanishing 
torsion components are necessary) and we require the super-Ricci flatness. As a conse- 
quence, we notice that the first coefficient of must be different from zero. Namely, we 
need a non-vanishing component of the fermion-fermion part of the metric. However, in 
general for a given space, no invariant spinorial tensor exists to provide such component. 
Therefore, we argue that this should be identified with p-form fluxes needed to sustain the 
solution of the supergravity. As a matter of fact, super-Ricci flatness does not seems to 
relate the value of the flux with the geometry of the bosonic submanifold. In fact, we will 
see in the forthcoming sections, the value of the flux is fixed by a suitable normalization 
which is implemented by a gauge condition on the supermetric. So, we conclude that 
super Ricci flatness turns out to be a necessary ad useful condition, but it does not seem 
to be sufficient to characterize the vacuum of the theory. 

We have to divide the analysis in two parts: the first one is the analysis of linearized 
equations and the second one concerns the analysis of the non-linear theory. It turns out 
that for the linear equation one gets very strong constraints on the bosonic metric such as 
the scalar curvature must be zero (see also [6, 7, 9]). This is compatible with the flat or 
Ricci flat space, but certainly is not true for a sphere or any Einstein manifold. Therefore, 
it is unavoidable to tackle the non-linear analysis to see whether these constraints can be 
weakened. Let us explain briefly the lines of analysis. The Ricci-flatness condition (1.3) 
can be analyzed by expanding the super-metric in components. Since we are interested 
only in the vacuum solutions, we decompose the superfields of the super-metric into 
bosonic components by setting to zero all fermionic ones. This implies a set of equations 
for each single component. Among them, a subset of these equations can be easily solved; 
indeed, the equations for the components to the order n are solved in terms of some 
components at the n + 1 order. However, the equations for highest-components cannot 
be solved algebraically and in fact, by plugging the solutions of the lower orders in these 
equations, one finds high- derivative equations for the lowest components. 

To show that our analysis is not purely academic, we give some examples of super- 
manifolds modeled on some bosonic submanifold. Of course, the most famous example is 
PSU (2, 2\4) (from AdS/CFT correspondence) and 5*17(414) (appearing in twistor string 
theory). Moreover, we give examples based on S n , V^ p,q) and CP n . As a by-product we 
construct a super-Hopf fibration connecting the different types of supercoset manifolds. 
One interesting example is the construction of a supermanifold with T'( 1 ' 1 ) as a bosonic 
submanifold. In addition, we propose a construction which can be applied to any Einstein 
spaces, and in particular to Sasaki-Einstein space and Kahler-Einstein. At the moment 

1 We would like also to recall the work [26, 26, 27, 28, 29] where the construction of worldsheet sigma 
models on generalized CY is developed. 
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we have not explored the role of Killing spinors, Killing vectors and the role of super- 
symmetry in the construction. We only argued that if the supermanifold is obtained as a 
single coset space and not a direct product of coset space, it has more chances to have an 
enhanced super symmetry. The relation between supersymmetry and the construction of 
super- Ricci flat supermanifold will be explored in forthcoming papers. More important, it 
is not yet established the relation between the solution of supergravity and the super- Ricci 
flatness. 

The paper is organized as follows: in sec. 2 we recall some basic fact about super- 
geometry. . In sec. 3, we present a general strategy, we study the linearized version 
of the constraints and, in the case of d bosonic coordinates and 2 fermionic directions, 
we analyze completely the non-linear system. In sec. 4, we study the construction of 
supercosets modeled on bosonic cosets. In sec. 5, we add the fluxes (RR field strengths). 
Appendices A and B contain some related material. 



2 Elements of supergeometry 

We adopt the definition of supermanifold given in [30] based on a superalgebra with the 
coarse topology. However, this is not the only way and there is an equivalent formulation 
based on sheaves and flag manifolds [31, 32]. The equivalence turns out to be useful for 
studying topological strings on supermanifolds [33]. 



2.1 Supermanifolds 

A supermanifold M. (m|n) is called Riemannian if it is endowed with a metric supertensor 
which is a real non-singular commuting tensor field Gmn satisfying the following graded- 
symmetry condition: 

Gmn = (— 1) MJV Cjvm • (2.1) 

The meaning of (2.1) becomes more evident if one distinguishes between bosonic and 
fermionic components and rewrites the metric supertensor as a block supermatrix G 



Gmn 



9mn 


hmv 







(2.2) 



being g an m x m real symmetric commuting matrix, j an n x n imaginary antisymmetric 
commuting matrix and h an m x n imaginary anticommuting one. Obviously the first 
component of the superfield of the even-even block g is an ordinary metric for the body 
.M (m) of the supermanifold .M (m|n) . Body means the bosonic submanifold. 

Note that the supermetric G is preserved by the orthosymplectic supergroup OSp(m|n) 
whose bosonic submanifold is the direct product SO(m) x Sp(n) of an orthogonal group 
encompassing the Lorentz transformations of the metric g with a symplectic group mixing 
the odd directions. Thus, we immediately see that the number n of fermionic dimensions 
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(in the paper this is also denoted by dp) over a Riemannian supermanifold must be even, 
otherwise Sp(n) would not be defined. 

The vielbein formalism can be constructed in the same way: supervielbeins will carry 
a couple of superindices whose different parity combinations induce the matrix block form 



E M 



E a 

rn 




E a 

m 





(2.3) 



with commuting diagonal blocks and anticommuting off-diagonal blocks. The correct 
formula to pass from supervielbeins to supermetrics is 



G mn = (-1) ma E a mVab E b n (2.4) 



where 77 denotes the flat superspace metric diag( 1, . . . , 1 , — 1, . . . , — 1 , 02, . . . , 02 ) . But 
what is 77^? A question that has been raised several times in the literature (see for example 
[34] for a review and some comments), and it turns out that the flat super-metric in the 
fermionic directions rj^ cannot be always defined for any models. For example, in the 
case of lOd supergravity IIB there is no constant tensor which can be used to raise and 
lower the spinorial indices and to contact to Weyl indices. However, it is also known that 
a typical bispinor emerges in the quantization of superstrings in the fermionic sector of 
the theory and these states are known as the RR fields. Indeed, in the case of constant 
RR fields, one can identify the fermionic components of the flat supermetric with constant 
RR field strength. This will be discuss in sec. 5. 

The inverse of a supermetric G MN is computed by inverting the supermatrix Gmn- 
In order that the inverse exists it must be that det(G mn ) and det(G (Ui/ ) do not vanish. 

2.2 Kahler supermetrics 

A very important subclass of supermetrics consists of so-called Kahler supermetrics, which 
are a straightforward generalization of the usual Kahler metrics living on ordinary man- 
ifolds. As one can expect, the components G M ^ of such a supermetric are obtained 
applying superderivatives - denoted by " , " - to a superpotential /C : 

Gmn = K-,mn ■ (2-5) 

As a consequence the body of a Kahler supermanifold with a supermetric G M ^ originated 
by a superpotential /C is a Kahler manifold endowed with the metric g mn obtained by 
applying two derivatives to the bosonic part of /C according to gmn y> — d m dn fc\e=o ■ 

2.3 Superconnections and covariant superderivative 

The idea of connection and covariant derivative have their relative supergeometric coun- 
terparts. Indicating superconnections with T, one writes the defining rules for covariant 
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super derivatives - denoted by " ; " - as follows: 

$ ; m = $ m , (2.6a) 
X M N = X M N + {-l) p ^X p T M PN , (2.6b) 

®M;N = ®M,N-®pr P MN . (2.6c) 

A superconnection over a supermanifold M, (m,n) can be chosen in many ways. Usually 
this freedom is restricted by demanding that the superconnection be metric-compatible, 
i.e. that the covariant super derivative of the supermetric vanishes, and that the coeffi- 
cients T be graded-symmetric in their lower indices. These two requirements uniquely 
determine the superconnection to be given by the super Christoffel symbols 

{n M p} = \{~l) Q G MQ [G w +(-l)%,-(-ir p )G, P , Q ], (2.7) 

They obviously coincide with the usual Christoffel symbols over the body Ai (m> . The 
same conditions can also be rephrased in terms of the supervielbein E A and the spin- 
superconnection Vt A B : 

dE A + Q A B A E B = . (2.8) 
The superspin connection tt B is a 1-form. 



2.4 Riemann and Ricci supercurvatures 

Taking care of signs due to different parities, Riemann and Ricci curvatures can be easily 
generalized to supermanifolds by the formulae 



(2.9) 



pM _ -pM , / i \P(N+R) r M r R 

n NPQ — ~~ 1 NP,Q + 1 RP 1 NQ 

+ (-i) p °n QiP - (-i)«™>r« rV 

and 

Rmn = (— l) p ( M+1 ) R P MPN 

_ (_-t\P{M+l) \_ r P , (_-,\P(M+Q) r P r Q 

— { L ) 1 MP,N + { l ) 1 QP L MN (2-10) 

j-(-~i\ NP r p - r_i \n(m+p+q) r p r Q 

V / 1 MJV,P I i ^ 1 QJV 1 MP ' 

Alternatively the Riemann supertensor can be defined as a differential superform by using 
the spin-superconnection fl A B : 

dQ A B + Q A c AQ C B = R a b . (2.11) 

If the superconnection does verify metric-compatibility and graded-symmetry conditions, 
Riemann and Ricci supertensors respectively satisfy the algebraic properties 

Rmnpq = — (—1) MN Rnmpq = — (—^) PQ Rmnqp = (— 1)( M+Ar ^ p+Q ) Rpqmn (2-12) 
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and 

Rmn = {—1) MN Rnm , (2-13) 

while Bianchi identities read 

RMNPQ;R + {-1) P{Q+R) RmNQR;P + {-l) R{P+Q) R M NRP;Q = 0, (2.14) 
R MN; N ~ 2 R < M = ' ( 2 - 15 ) 

where R = RmnG nm is the curvature super-scalar. In terms of supervielbeins, the 
vanishing of super-Ricci tensor can be written as 

E M aR A b[mn} = • (2-16) 

The tensor R^j^j^E^E^ = R a BC d * s the curvature of the superspin connection (see 
[35]). R = RmnG nm is the curvature super-scalar and there is a very compact formula 
for the Ricci curvature of Kahler supermanifolds 

i? M7 v = -(lnsdetG9 iM7 v. (2.17) 
which mimics the well-known formula of bosonic Kahler manifolds. 

2.5 Supertorsion 

Retaining the metric compatibility and relaxing the graded-symmetry condition, in gen- 
eral superconnections depend on the supermetric and the supertorsion 

T M NP = T M NP -{-l) NP T%. (2.18) 

To be precise, a generic metric-compatible superconnection is the sum 

r M NP = { N M p}+K M NP (2.19) 

of the Levi-Civita superconnection (2.7) with so called supercontorsion K defined by 

K M NP = \{T M NP - {-1) Q ( N+V) G MQ G NR Tq P - {-lf^+ NP G M QG PR T R QN ) . 

(2.20) 

The corresponding Ricci supercurvature can be obtained adding a few terms to the ex- 
pression valid with vanishing torsion: 



R MN = (2.10) + (_l)*<"+i> ( - K P M p;N + (-1) P(M+Q) K P QP K 



Q 

MN 



+ {-l) NP K P MN , P -{-ir M+P ^K p QN K^ MP ) . 

(2.21) 

In terms of the super-vielbeins, the torsion tensor is given by 



T A BC E C A E B = T A = dE A + Vt A B A E B . (2.22) 



8 



3 Supermanifolds on given bosonic manifolds 



In the present section we are interested in studying examples of supermanifolds which have 
a given bosonic submanifold. We construct a corresponding supermanifold by adding the 
anticommuting coordinates and by requiring that the supermanifold is super- Ricci flat. 

Before proceeding we would like to give an example of a simple model where the 
procedure for constructing a supermanifold is illustrated. Let us consider the superfield 
<&(x,0) and we set to zero all fermionic components. Then, $ = 'Yl in ^n{^ 2 ) n ■ We can 
consider the naive generalization of the Klein-Gordon (KG) equation d m d m <f) + = 
to a superfield equation 

rj AB d B d A $ + 1 $ I = (d m d m + d^)* + i $ 3 = (3.1) 

where the contraction of the spinorial indices is performed with an invariant tensor (see 
the discussion in sec. 2 after eq. (2.4)). To be precise, we assume that the supermanifold 
is IR( 3 ' 2 ) and therefore eq. (3.1) decomposes into two equations 

d m d m % + 1 $ 3 + 2 $ 2 = , d m d m <S> 2 + i $ 2 $ 2 = . (3.2) 

The first equation can be easily solved in terms of $2 and, by inserting it into the second 
equation, we get a four- derivative differential operator (which in principle has ghosts) and 
the field equation 

9 4 $ + i d 2 & + (9 2 $ + 1 $jj = . (3.3) 

This is a weaker condition on $ than the usual KG equation and it must be solved in 
order that the superfield <£>o can be the first component of the superfield $ which solves 
the new KG equation. The present example has no physical relevance, but it illustrates 
the problem appearing in the extension of a given bosonic metric to a supermetric and the 
extension of the bosonic equations to super-equations. Even in this case, we assume that 
the background has no fermions and we add only superfields with bosonic components. 

We have to mention that equations similar to (3.1) where already proposed in several 
papers in the first years of supersymmetry (see for example [36, 37, 38]). However, this 
construction was abandoned since the resulting theories possess ghosts and higher-spin 
fields (see for example [34] and the references therein). Here, we do not pretend to interpret 
the super- Ricci flatness as field equations with dynamical content, but we consider these 
equations a way of recasting the informations on the manifold together the RR fluxes in 
a single mathematical structure. This is very similar to the case of NS-NS fluxes and the 
generalized geometry of [12, 13]. 

3.1 General Framework 

In the present section, we give the general equations of the super- Ricci tensor Rmn by 
expanding the supermetric in components. These are very useful in order to single out 
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the structure of the equations. Indeed, it can be observed that at each order there is free 
component of the supermetric that is used to solve the corresponding equation. First, 
we show that every equation at the level lower than the maximum ^-expansion can be 
easily algebraically solved, then we show that the remaining equations are high deriva- 
tives and they provide consistency conditions for the construction of the corresponding 
supermanifold. As in the above example, using the iterative equations, one derives the 
highest derivative equation. This is rather cumbersome since the iterative procedure tends 
to explode soon in long unmanageable expressions. We first tame the linearized system 
and then we tackle the non-linear one. For the former we are able to provide a complete 
analysis; for the latter only the case (d\2) will be discussed. 

In order to study the structure of the equation for super Ricci-flat manifold it is 
convenient to consider the bosonic and fermionic components separately. For that we 
display the few terms coming from the superfield expansion of the supermetric: 

G mn Qmn 2 fmnfjLV 9 9^ -\- (D{9 ), 

G mv = t mvp 00 + ± w mupar 9 T 9°9? + 0(9 5 ), (3.4) 
G>z/ = h^v + - l^pa 9 a 9 p + 0(9 4 ) , 
where the superfield g mn has the following boundary term 

G mn \e=o = 9 t dy) (3-5) 

with gmrf y ^ the metric of the bosonic submanifold. The expansion of the superfield Gmn 
contains both commuting and anticommuting components, however since we are interested 
only in supermanifold modeled on bosonic manifold plus some p-forms, we set all the 
fermionic component to zero. 

Obviously, the metric is defined up to superdiffeomorphisms; they are the gauge sym- 
metries under which the Ricci tensor is invariant. A superdiffeomorphism is parametrized 
by a supervector field £m = {Cm, Cp) where £ m and £ M are superfields. The completion from 
the usual symmetries, namely difteomorphisms and local supersymmetry, is obtained by 
the so-called gauge-completion (see for a review [34]) and the complete answer is given by 

8Gmn = Gmp^ P -n + (—) ( - p+1 ^ N ' i P M GpN ■ (3.6) 

This symmetry is used to impose suitable gauge choices simplifying the algebraic analysis. 
We found advantageous to fix the gauge as in [39, 40]. 

At the lowest order in the odd variables the equation Rmn — reads (in App. A the 
Ricci tensor R^ m is given) 

Rmn ^mn ' 2 ^ (^ CT P;( mn ) ^m[ap];n tn[ap];m fmnap) (3-7) 

-\ hrh vPtm h^h aihn + hrt m{vp) hf»t n{ait) + 0(9 2 ) = , 
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Rp,v 2 9 {hpv;mn 2 t m [pv];n fmnuv) ^ ^ (fpvap ~\~ ^appv Ippau ^avpp) 

~ ^ h P g [(2 t m [ uv ] fyt«/,m) (2 in\ap\ h a p^n) -\- (2 t m \p,p\ ^/ip,m)(2in[ffv] ^cr^,n)] 

+ | h pa g mn {2t m ^ p) - h mm )(2t n ( ua ) - h ua , n ) + 0{6 2 ) = . 

(3.8) 

Eq. (3.7) can be easily solved in terms of f mnpa . In the same way, (3.8) is solved by a 
suitable combination of l^pa- At the next order, a free bosonic field will appear from the 
expansion of the superfields Gmn and a new equation fixes it. This iterative procedure 
allows us to solve the complete set of equations, starting from a given bosonic metric g mn 
(and with a flat supermetric in the fermionic sector g[ pu ]), in terms of the components of 
Gmn- At the end of the iterative procedure, we find the consistency conditions on the 
bosonic manifold. We first analyze the linearized equations and we expand around the 
flat space and around a Ricci flat (Rim?^) bosonic space. It turns out that variation of 
the bosonic Ricci tensor must satisfy a set of differential equations (with a high-derivative 
differential operator) and some algebraic conditions (the space must have vanishing scalar 
curvature). However, some of the constraints are weaker in the non-linear theory. 

Furthermore, one can also impose additional structure in the superspace such as a su- 
percomplex structure. Some simplifications are in order in the case of a Kahler manifolds. 

On a Kahler supermanifold the hermitian metric supertensor comes from a Kahler 
superpotential, /C , by the following formula: 

Gmn = ^,mn- (3-9) 

As a consequence the Ricci super-tensor components in holomorphic coordinates reduce 
to the form 



(3.10) 



d / i\p+Qr p Qr -if -t\p+Q+s+M{p+R) r pQ r _ r Rs r _ _ 

= -(In sdet G) ;MJ v 
We can expand again the supermetric in the odd coordinates (# M , 6 P ) 

G m fi gmn hp(j^ m fi 6 6 P -\- — fmnpa 6 9 P ~\~ ^ fmnpa ~ 6 P -\- (D{6 ), 
Gmu = hp Pt md P + t m vp6 P + O(0 3 ), 

Gun = W + h aPtn 0P + 0(6 3 ), (3.11) 
G aP = h uP + l aPpd . 6 a 6 p + - l pPpa 9 a 9 p + - l pPpd - 9 U 6 P + 0(9 4 ), 
f -— — f* t - — t* /-- = /* 

Jmnpa J nmap ' h pma h mpa i l pvpa l vpapi 

and obtain the equivalent of the super Ricci-flatness equation, Rmn — 0, for g, h, I 
and t . The last line expresses the constraints coming from the hermiticity of the Kahler 
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potential. At the lowest order in the odd variables one gets 

D _Tf(body) 7 per 7 _ 7 pv UP" U _ _ I fOffl 2 ^ - 

'nun ^mn lb lb ap,mn lb lb up,m lb lb ap,n > *-/\y ) 

=R^ + ( ln(det h)) >mn + 0(6 2 ) = , 
ff - — — _ hP a ] h p5 h- o pq h I- h pd t -- o pq t - + O(0 2 ) = 

1 L p,v y lb pu,qp lb b uppv pv,q < lb b pcrv y b pqp ' ^ \ u J u j 

where R%£ v) is the Ricci tensor on the body of the Ricci-flat Kahler supermanifold (SCY) 
and ft, = (h^p), from which 

2 ^ ^irp,ranS 4" ft' 5 ftCT/jjmft^ ftpp,ra fl 1 ft^ ft'' ij-pupv ~\~ pqp^puu) ■ (3.12) 

From this equation, one can easily extract the result of [6, 7] by setting /i, v — 1. This tells 
us that if there are no enough anticommuting coordinates one cannot embed the bosonic 
manifold into a super-Ricci flat manifold. In addition, this is also a counterexample to 
support the non-existence of the Yau theorem for super-Calabi-Yau spaces. 

To conclude this section, we have to say that the equations (3.7-3.8) given in the 
present form and expanded to all orders of the anticommuting variables are untreatable 
and therefore we need to use a different technique. In the appendix we show how to solve 
the equations using the vielbein-spin connection formalism. 

3.2 Linearized equations 

We start from the linear equations from a flat bosonic manifold and we add the fermionic 
coordinates perturbatively. This can be done by linearizing the Ricci-flatness condition 
and solving the corresponding equations. 

As already suggested, all equations can be easily solved except the very last ones 
and those give us some conditions on the bosonic metric. Afterwards, we generalize 
the construction by starting from a Ricci flat bosonic manifold. This example is rather 
important since allows us to study the deformation from a CY space to a super-CY space. 

In order to discuss linearized equations, we suppose to apply a perturbation 

SGmn = H MN (3.13) 
to a supermetric and study the corresponding variation of the associated Ricci supertensor, 



SRmn = (-l)^("+™> ^- [(-1) MN H QN;MP - {-lf^H MN]QP 

+ Hq M . np — (—1) p ^ m+n ^Hq P . mn ~\ , 
which, making parity of indices explicit, splits into 



(3.14) 



SRmn — 2 (— 1) P+Q G PQ [HQ m - nP + HQ n - rnP — H mn -Q P — i?QP ;mn ] , (3.15a) 

SRmv = \ (-1) Q G PQ [Hq^p + Hq a . mP - (-l) Q H m ^ QP - {-l) p H QP , ma ] , (3.15b) 
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SR^ = \ (-l) P+Q G PQ [H Qlx , vP - H Qvi(iP - H^qp - Hqp,^] . (3.15c) 

We consider deformations of a super Ricci-flat background realized by adding dp flat 
fermionic directions to a Ricci-flat body: in this case (3.15) 's reduce to 



3Rmn 2 9 [ Hqm;np Hqn;mp Hmn,qp Hqp^ mn ~\^ 

~\~ 2 J ^ [ ^crm\np H(jn\mp Hmn;ap H a p- mn J , 

$Rmp 2 9^ \_Hqm;p,p + Hqp-mp Hmp;qp Hqp;mp ] 

2 J ^ [ ^um;pp Hap,,mp Hmp,,ap Hcp;mp ] j 

3Rpv ^ 5^ [ ^IWV ^WWP Hpv;qp Hqp;p:u ] 

~l" 2 J ' ^ [ Hap.up H<Tv;pp Hp,v;cp H(jp\pv ] 5 



(3.16a) 



(3.16b) 



(3.16c) 



where g is the metric on the body and j is the flat fermionic supermetric given by 

j = diag[ a 2 , . a 2 ) . (3.17) 

d F /2 

We can now ^-expand (3.16)'s and get 



5R m i «r^(») +jff (2fc) 

mn[ri...T 2 fcJ 2 L qm[Ti . . .T 2k \;np qn[r 1 ...T 2k \;mp 

mn[T 1 ...T 2k ];qp qp[rx . . .r 2k ];mn J 

+ ^ ^ [ (2* + 1) ^U^n + (2* + 1) ^.U,];™ 

- (2fc + 2)(2fc + 1) ^n^...^] - -^ip[r 1 ...r 2fe ];mn] > 

8R {2k t 1] ] = - g^\(2k + 2)H {2k+2) , + tf (2 * +1) , 

_ rr(2fc+l) _ (2k + 2)H i2k+2) 1 

- (fc + 1) j pa [ {2k + 3) Hl m [J Tl ... T2k+l] + ^[ptiLafe+x];™ 

_i_ /91, _j_ o\ ir(2fc+3) rr(2fc+2) i 

+ (Z/C + <Jj ^ m p[ CT p Tl ... T2fc+1 ] + n ap[pr 1 ...r 2k + 1 ];m\ > 

5i? (2 ? 1 = i(?PU(2A; + l)^ (2 f +1) , -(2A; + l)# (2fc+1) , 
pv\r^...T 2k \ 2 LV 7 9/*["ri-T2fc];p v y ?"[A»n-T 2 fc];p 

- ^,... 2fc ]^ - ( 2fc + 2 )( 2fc + !) ^S...^] 1 

(2fc+2) rr(2fe+2) 



(3.18a) 



(3.18b) 



+ (2k + m + 1),-- [^ + ;;... T2fc] - ^i.., 2fe] 

_rr(2fc+2) _ „ (2fc+2) 

flv[<TpTl...T2 k ] ap[pUT 1 ...T 2k 



(3.18c) 
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Analizing the recursive structure of (3.18)'s, one realizes that the only independent fields 
which effectively play a role in constraining g mn are obtained by contracting odd indices 
with j as follows: 

o(2fe) _ rr(2fe) -rm ... T 2k -iT 2k (o in„\ 

D mn - n mn [T 1 ...T 2k ]J ■> ' (3.iyaj 

rp(2k+l) _ rr(2fc+l) • nr 2 ... • r 2fc+1 r 2fe+2 /n iqU 

J m - J "mr 1 [r 2 ...r 2fe+2 ]^ J > 

U (2k) = H {2k \ , ? T1T2 7 T3T4 • • • 7 ^+1^+2 (3.19c) 

T"lT 2 [T"3---T 2 fe + 2 J J J J \ / 

y(2k) _ jy(2fc) jT 1 T 3 -T 2 r 4 . . . • r 2k+1 T 2k+2 /g ^gj\ 

TlT 2 [T3...T 2fc + 2 ] •» ^ ' V • / 

From these definitions one has a few identities: 

V<® = 0, U^ = d F V^\ S<$>=6 9mn . (3.20) 

The calculation is simplified by a gauge-fixing of the supermetric (3.6): a convenient 
choice is 

G m „0" = O, G^e^j^e^, (3.21) 
which, in terms of variations, becomes 

# m/i r = 0, ff F O" = 0. (3.22) 

We notice that some of the fields defined in (3.19) are vanishing because of the gauge- 
fixing: 

T^ = 0, U {0) = 0. (3.23) 

Introducing 5, T, [/ and V into (3.18)'s, one obtains in principle four field equations but 
one of them follows from the other ones when Ricci curvature of the body vanishes. The 
remaining three field equations corresponding to super Ricci-flatness are 



(3.24a) 



(2k + 2)(2k + 1) = (2k + 1) ( + T^) - U$$ 

_ pq(o(2k) , o(2k) _ rr(2fc) _ rr(2fc) \ 
y V qm;np ~ u qn]mp ^mn-^qp ^qp^ran) i 

(2k + 2)(2k + 1) (U {2k+2) + V {2k+2) ) = □ (U {2k) + V^) , (3.24b) 
□ S i2k) m m - S {2k l mn = □ (U i2k) + V {2k) ) . (3.24c) 
Recalling the identity (3.20) and the gauge-fixing (3.23), from here we find 

jj(2k) + y(2k) = Qj jj(d F ) = y(d F ) = (335) 

so that (3.24b) is automatically solved and (3.24c) with k — shows that, at linear order, 
the curvature scalar on the body has to be zero: 

R (body) = 0. (3.26) 
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Besides this algebraic constraint on the Ricci curvature, also some differential consis- 
tency condition has to be taken into account that comes from the remaining constraints. 
Introducing 

SLT 2) = (2* + 2)! - (2* + 1)! ( Tjg+D + T^) + (2k)\ U.™ (3.27) 

into (3.24a) and (3.24c), one can rewrite them as 

S%« 2) = □ SM + 2 Sfc Rg$ (k > 0) (3.28) 

with 

S^ = -2 5R^\ St F+2) = 0. (3.29) 
In other words, at linear order, the only condition to require in addition to (3.26) is 

C d / /2 RZ°n V) = (3.30) 

where C R is the Lichnerowicz operator defined on Ricci-flat spaces by 

C R X mn = nX mn + 2X^R^. (3.31) 

In conclusion, at linear order, a Ricci-flat manifold can be deformed in the body of a 
Ricci-flat supermanifold only if conditions (3.26) and (3.30) are satisfied, and, in that 
case, an overlying supergeometrical structure is constrained by (3.25), (3.28) and (3.29). 
As a consequence, if a consistent deformation is possible, an infinite number of Ricci-flat 
supermanifolds with gauge-fixed supermetric can be constructed over the same bosonic 
body. 

It would be interesting to compare the present result with the results of paper [9]. We 
plan to explore deeply the relation between the super-Ricci flatness equations and the 
moduli space of the supervarieties. 



3.3 Non-linear equations 

Since a complete general analysis is rather cumbersome, we give the complete expressions 
only in the case of (<i|2)-dimensional supermanifolds. We show that equations at the 
lowest order can be indeed solved by some free components of the superfields and we 
derive the equations for the highest components. Following the scheme given in section 
3.2, by substituting the lower-order results one gets the final constraints on the metric of 
the bosonic submanifold. 

As in the present case there are just two fermionic directions, the ^-expansion of the 
supermetric with the gauge-fixing (3.21) is given by 

r -a i _ r*( 2 ) fi 2 

^mn ymn > ^ ° 'ran u i 

Gmu = i G { X P) p , (3.32) 
1 
2 



G^ u = % S^v ( 1 + - /( 2 ) 
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where 9 2 = i e up 6 v 6 tl . The metric satisfies the gauge fixing condition 9^G um = and 
G^ U 9 V = ie iiu d u . 

In order to make the notation more convenient, we introduce the matrix field A rn 
defined by 

{A m y v = e^G^ {Xu) . (3.33) 

Since (An)^ are re& l 2x2 traceless matrices they form a connection for SL(2, R) which is 
the isometry group of the fermionic sector. The 0-order boson-boson and fermion-fermion 
blocks of the Ricci supertensor are 

i2£ = Rmn + GUI + Tr (A m A n ) , (3.34) 

=i^Qfl-3/( 2 )), (3.35) 

therefore, the super Ricci-flatness condition fixes all # 2 -order components in terms of the 
metric g mn and of the field A m 

G ( £ n = -R mn -Tr(A m A n ), (3.36) 

/( 2 ) = -f • (3.37) 
As a result any super Ricci-flat gauge-fixed supermetric will have the form 

G m n 9mn ^ {.Rmn Tr (^4 m ^4 ra )) $ , 

G™, =i £,A(^m) A / p , (3.38) 

1 



G IUJ — i e,„, 1 — — R 6 



32 
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Using these relations, after tedious, but straightforward calculations one finds some very 
compact formulae for the high-order components of the Ricci supercurvature: 

1 11 

^Ln o ^R mn R^ Rmpnq 7T R Rmn 7; ^ m^ n R 

2 3 6 (3.39) 
+ - Tr (F mp F n p ) - - Tr (A m D p F np ) - - Tr ( A t D p F mp ) , 

flSk = \ (V n F mn )\ , (3.40) 

R$ = \ e, v (g mn R% n + Tr (A m D n F mn )) . (3.41) 

By D m and F mn we simply mean the gauge- covariant derivative and field strength used 
in non-abelian gauge theories: 

Dm — V m + [A m , • ] , F mn = V ' m A n — V n A m + [A m , A n \ . (3.42) 
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where [ • , • ] is the SL(2, M) Lie product. As one can easily see from (3.41), R$ = follows 
from Rmn = R^mux = hence the complete super Ricci-flatness condition is equivalent to 
the following couple of constraints: 

1 111 

- DR mn + R pq R mpnq — - R R mn — - V m V n R— — - Tr (F mp F n p ) , (3.43) 

D n F mn = . (3.44) 

Thus, when a given manifold does admit a Ricci-flat super-extension, this is not unique 
even after the gauge-fixing of the supermetric and the corresponding moduli are encoded 
into a SL(2,R) gauge theory living on the body. To get the most general Ricci-flat 
supermetric we perform super-diffeomorphisms along the gauge-fixed directions: 



G m n 


9mn 


1 
2 


G mv 


= i [ e v \ 


e 2 ^ 






e 20 



(3.45) 



3.4 Einstein Manifolds 

We now consider the class of Einstein manifolds, defined by the condition 

R mn = A g mn . (3.46) 

Examples of Einstein spaces are the group manifolds and coset manifolds. For them, 
the Killing-Cartan metric g mn is proportional to quadratic combinations of structure con- 
stants: g mn ~ fmqfnp- We wm start from well-known coset manifolds to give some 
interesting examples. 

For any Einstein manifold, super Ricci-flatness reads 

A 2 (J - g mn = i Tr (F mp F n p ) , (3.47) 

D n F mn = (3.48) 
and Ricci-flat supermetrics have the form 

G mn = g mn (1 - f e 2 ^ 6 2 ) - \ [e^ (Tr (A m A n ) - 2 V m 0V„0) - W m B n - W n B m ] Q\ 
G mv = i[e uX e 2 * (A m ) x p + e up {B m + e 2 ^ V m 0) ] 9 P , 
G, v = i [e 2< t>{\ - £ Ae 2 ^ 2 ) - \ B P B P 6 2 } . (3.49) 

When d > 3, the gauge field A m has to be turned on in order to fulfill the super Ricci- 
flatness condition (3.47), while a trivial solution with A m = B m = = always exists if 



17 



the bosonic submanifold is 3-dimensional: 



G mn — 9mn ( 1 — o A 9 2 



2 

G mu = 0, (3.50) 
Gft V = i e^v ( 1 - -A# 2 



4 



This shows a remarkable fact: on one side Einstein 3-folds are never Ricci-flat but on 
the other side they are always super Ricci-flat, in the sense that they admit Ricci-flat 
super-extensions. Moreover, formula (3.50) can be generalized to Einstein manifolds of 
any odd dimension ds = 2k + 1 by 

9mn 

G m „ = 0, ( 351 ) 

A ft ft 

n JV'V , 2k v 



" i + A* (i + 4» 2 ) 2 ' 

where (i^ = 2/c, is defined by (3.17), and ^ M = —ij^ u d u . 



4 Supermanifolds on Bosonic Coset Manifolds 

In the previous sections, we have explored the general case (at the linear level) and 
the {d\2) case at the non-linear level. We expect that the results can be extended to 
the generic case (g^Mf)- Nevertheless, we would like to present here some applications 
and some examples to support our analysis. The best examples are for instance the 
supergroup manifolds. Since the well-known fact that they are Einstein spaces can be 
straightforwardly generalized to super-Einstein spaces. Furthermore, the proportionality 
constant between the super-Ricci tensor and the metric is proportional to the virtual 
dimensions of the manifold. In the case of odd dimensional real manifold the necessary 
(but not sufficient) condition to have vanishing Ricci tensor is ds — dp + 1 where ds and 
dp are the bosonic and the fermions real dimensions. For even dimensional manifold the 
relation becomes ds = dp — 2 (see [30]). 

Let consider, for example, the spheres S n = SO(n + l)/SO(n), the Stiefel manifolds 2 
T n = SO(n + l)/SO(n - 1), the projective spaces CP n = SU(n + 1)/U(n), the space 
j>(p,g) _ gjj (2) x SU (2)/U(l) where the charge of subgroup is identified with a combination 
pJi,3 + qJ2,3 of the U (1) x U(l) charges of the subgroup. Then, there is a natural extension 

2 They are a special case of V^ p,q ^ = SO(p) / SO(q-p) and also for that we have found the supermanifold 
generalization. 
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of these spaces in the supercoset manifolds 



§(2n|2n-i) = Osp(2n + 2\2n) 

Osp(2n + l\2n)' 
T (2n|2n-i) = Osp(2n + 2\2n) 
Osp{2n\2n) ' 



CP (n|n+i) = fbU{n+L\n+l.) (41) 



PSU(n + l\ 


n+1) 


SU(n\ 


n + 1) 



The case of T^ 1 ' 1 ) is a case of the second series, where n — 1 and the SO (2) is embedded in 
the SO (4) as described above. Notice that in every case the supergroup in the numerator 
is super Ricci flat (in particular the case of CP is a super-Calabi-Yau). The dimensions 
of these space is (2n + l|2n), (An + l|4n) and (2n\2n + 2) respectively. The dimension 
of the bosonic submanifold is the dimension of the bosonic coset space. To check the 
Ricci-flatness, the best way is too construct the supervielbeins E A . 

This can be done as follows: we divide the generators of the algebra T into two 
subsets: T a belonging to the coset space and T a ' belonging to the subgroup. Then, we 
define a group element g(x,9) where x, 9 are coordinates associated to the generators 
T a where we have distinguished the bosonic and fermionic indices. The next step is to 
construct the Maurer-Cartan forms from the differentials 

g- l dg = E a T a + H a 'T a , , (4.2) 

where E a are the supervielbeins and H a ' are the so-called if-connections. The metric on 
the group manifold is construct in terms of an invariant metric tjab on the coset space, 

ds 2 = E A ® E B r] AB . (4.3) 

The computation of the super-Ricci tensor is straightforward since the Maurer-Cartan 
equations lead automatically the identification of Rmn in terms of the structure constant 
of the group, (see [41, 5]). 

Obviously, the super-Ricci flatness concerns both real and complex supermanifolds 
and we will present a simple example: the case of superprojective space CP 1 ' 2 . 

4.1 CP (1|2) as a Ricci-flat supermanifold 

This projective supermanifold endowed with the Fubini-Study Ricci-flat Kahler superme- 
tric, whose Kahler superpotential is 

/C = ln(l+^ + ^!+^ 2 ), (4.4) 
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must obey equations (3.12). The resulting components of the supermetric are given by 

1 / 1 — zz - 1— 2zz - -\ 

„ /,_,Wl+«! 

(l + zzf \ l+zz 
G^^fl-**?^), ,4.5) 



(l + V " i + 

i + ^ V i + ^ (i + 



(1 + zz) 2 \ " l + zz 
from which one finds 

9zz = 7— =T7T , = (1 + 2^) 2 , = ^azb = , 

(1 + ZZ) 1 

; ^ad^cb ~ ^ab^cd 7 ^ao 7 5a /1 , -\ rfta /< c \ 

a5cd ~ = (i + ^)2 ' ^6 = - > h ={l + zz)b , (4.6) 

_ z£ a& ^a5 (1 - zz)£ a5 

2Sfe (l + zz) 2 ' zab {l + zz) 2 ' ab ' mn (1 + zzf • 

The second equation (3.12) is identically satisfied and the first gives the well known result 

We also compute the contributions of the fluxes (the right hand side of (3.12)) and we 
have 

h<*h^ + h^ m h^h fcfi = (1 + zz)S* {1 { - + Z ^f + 0^ = j^-^ (4.8) 

which exactly cancels the contribution of the bosonic curvature showing that the super- 
manifold is super- Ricci flat. 

The construction of the supermetric from a supervielbein construction proceeds as 
follows. We consider here the case CP 1 ' 2 for simplicity, but it can be adopted also for any 
n. The supergroup manifold PSU (2\2) is generated by the bosonic generators m a /3 ,m a l3 
and the fermionic generators q a p, q a p. They satisfy the following commutation relations 

[m% m\] = Sfrrfp - 5}m" s , [m% m\\ = Sfm\ - 5}m« 5 , (4.9) 



^ ^ 1 



{q% q\} = a(S a p m\ + 6 ^\) > a 2 = -1 (4.10) 
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and we assume the following Hermitian conjugation rules 



( m ^)t = , (^)t = ^ ? (^)t = e «7^ ? (^)t = e «i q P , (4.11) 
It is convenient to introduce new combinations 

= m% ± m a p , Qlp = q a p ± , (4.12) 
and it is easy to verify that we have the schematic commutation relations 

[M + ,M+]~M+, [M+,M_]~M_, [M_,M_]~M+, 

[Q + ,Q + ]~M + , [Q + ,Q_]~M_, [Q_,Q_]~m + , (4.13) 

[M + ,Q + ]~Q + , [M + ,Q_]~Q_, [m_,q + ]~q_, [M_,Q_]~Q+. 

This means that we can consider the subgroup H = {M + , Q + , tr M_} (where trM_ 
is the element proportional to the unity) and therefore the coset is parametrized by 
{M_ — trM_,Q-} and they correspond to the two bosonic directions and to the four 
fermionic directions of CP 1 ' 2 . Finally, we can compute the supervielbeins associated to 
this model. Let us denote by g(x,9) a coset representative (see [42]) and then compute 
the MC forms 

g- l 8g = L%(M^ Q - ^ a trM_) + K%Q P _ a + K S T S , (4.14) 

where L°_ b is the MC form associated to the bosonic generator of the coset, A"^ is the 
anticommuting MC form associated to the fermionic directions. T s are the generators of 
the subgroup and are the if-connections. The supervielbeins are constructed by 

L-p = E°tp M dZ M , A a _p = E a _ bM dZ M , (4.15) 

where Z M = (X^, O^J). So, the metric and the B field can be written as 

r< TP a ^ rfiP' w a ' _i_ w a ^ T? a ' 

^MN — f3(M e aa' e ^-fi'N) - C/ - f3(M e aa' e ^-fi'N) ) 

BmN — E°i i g[M e aa' e ' 3/3 ^-/3'N] + ^/?[M e »a' e ^ ^-fi'N] i (4.16) 

The bosonic coordinates X^ u can be expressed in term of a set of complex coordi- 
nates w, w, and for the fermionic coordinates we also introduce two pairs of complex 
anticommuting coordinates 

In the same spirit, we can consider the space 

CP (n|n+i) _ PSU(n + l\n + l) 

^ ~ SU(n\n + l) [ } 

which is a super-Calabi-Yau. The metric of this space is obtained as follows: condider 
the generators of PSU(n + \\n + 1) which are (J A B ,Q A B ,, K A B ,) where J and K and 
the generators of the first and the second SU(n + 1). The indices A,B,A',B' run over 
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1, . . . , (n + l) 2 — 1. The fermions Q A B , are (n + l) 2 complex generators. In the subgroup 
there are the generators J a b) J , Q a B >, K A B . We decompose the generators of PSU(n+l\n+ 



1) as follows J A B = J"+\ J a b , J™ + + \ and Q A B , = Q n %} , Q a B ,. Therefore, we take J"+\ Q n p 



as the generator of the coset. Then, we have the supervielbeins and the H-connections 



g-'dg = E b J n b +1 + E B 'Q n +} + oo\J b a + u B ' a Q a B , + u A B ,K B ^, + u J , (4.18) 



The supervielbeins (E b ,E B ') form a multiplet of the fundamental representation of the 
SU{n\n + 1) and therefore the metric is given by 



where (r] a b,riA'B') is the Killing metric preserved by the transformations of SU{n\n + 1). 
4.2 §( 3 ' 2 ) as a Ricci-flat super manifold 

As a second explicit construction of a super Ricci-flat space, we consider the supersphere. 
This is a generalization of the sphere as a coset space SO(n + l)/SO(n). We define the 
supersphere as the supercoset Osp(4|2)/Osp(3|2). 

The generators of the group Osp(4|2) are T A ,Q A ,T« where T A , generate SO(4), Tf 
generatr Sp(2) and Q A are the fermions. They transform as a vector of SO(4) and a spinor 
of Sp(2). We decompose the generators in terms of the subgroup generators as follows 
{T a b ,T A a ,Q a a ,Q 4 a ,T a p ). The generators of the subgroup are (T a b ,Q a a ,T a f3 ). Therefore, we 
introduce the coordinates of the coset z\ 6 a and we define the superfine 



ds 2 = E a ® E b r] ab + E A ' ® E B 'r) A >B' ■ 



(4.19) 



z 2 = 5 ab x a x b + ie afS e a e p . 



(4.20) 



It is easy to compute the supervielbeins: one gets 




(4.21) 



with X 2 = 



x 2 + 9 2 and the metric is given by 



ds 2 = 5 ab E a ®E b + i e a(3 E a <g> E p . 



(4.22) 



The various components of the metric are 



G 



mn 




G 



(1 +x 2 ) 




(4.23) 



G 
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where x m = S mn x n and 9^ = e iiV Q v . Notice that in this case the flux of the p-form is 
normalized to unity and the normalization is fixed by the gauge-fixing. 

It is easy to show that the space is super Ricci flat by computing the connection 
and the Ricci tensor. This is another interesting example of a space which is rendered 
a super Ricci flat. Notice that the supervielbein (E a , E a ) is a metapletic representation 
of the subgroup, namely it is a fundamental representation of the supergroup Osp(3|2). 
The metric (4.22) is invariant under the subgroup action since the flat metric is invariant 
under the action of the supergroup. 

4.3 T^ 1 ' 1 ! 4 ) as a Ricci-flat super manifold 

Another interesting space is the Sasaki-Einstein space T^ 1,1 ). This is identified with the 

COSGt 

r , M , = »y (4 24) 

This space is viewed as an S 1 fibration over S 2 x S 2 and this follows from the classification 
given by Tian and Yau [43, 44]. Notice that the five dimensional regular Sasaki-Einstein 
space are classified completely in terms of the Kalher-Einstein metric on the base. One 
important example is 5 5 whose base is CP 2 . Notice that using our technique one can 
construct the corresponding super-Ricci flat space and it turns out that the supersphere 
is given by 

(5|4) _ Osp(Q\A) 
h ~ Osp(5\A) [ ^ Zb) 

Notice again the supergroup Osp(6\4) is super-Ricci flat and the metric is obtained by 
deriving the supervielbeins (E\ E aa ') (the index % — 1, . . . , 5 and a, a' = 1, 2 and they are 
a vectorial representation of Osp(5|4). Indeed, by decomposing a generic group element 

as 

^("ii"')' 9 A B eSO(6), 9 " m ,eSp W , (4.26) 
\ 9 b 9 J 

the trasformed vielbein can be easily computed. Notice that Sp(A) ~ 50(2,3) and 
therefore the spinorial representation of Sp(4) is isomorphic the spinorial representation 
of 50(2, 3). This implies that we can pick four fermionic coordinates 9 aa ' . 

Following the bosonic construction, we can see the sphere S 5 as an Hopf fibration 
of CP 2 , one can show that the supersphere is an S 1 fibration over the supermanifold 
CP (2|2) = S7/(3|2)/l/(2|2). The bosonic part ofthiscoset is SU(3) x U(2)/(U(2) x 17(2)) = 
SU(3)/U(2) = CP 2 . In addition, it has 3x2-2x2 = 2 complex fermions which can be 
mapped into 4 real fermions. So, we conclude that the supersphere E>^\ which is super- 
Ricci flat supermanifold, is a super-Sasaki-Einstein over the super-Kahler-Einstein CP 1 - 2 ' 2 . 
The condition to be super-Sasaki-Einstein is equivalent to state that the Hopf fibration 
of its basis is a super-Ricci flat. This resembles the construction of the Calabi-Yau cone 
over a bosonic Sasaki-Einstein where adding a non-compact radial direction, the space is 
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Ricci flat. Here, the additional fermionic coordinates guarantee the vanishing of the super 
Ricci tensor. An important issue here is the fact that the bosonic submanifold is compact 
and the non-compactness is in the fermionic directions. 

Going back to T^ 1 ' 1 ). This is a Sasaki-Einstein space and the Calabi-Yau constructed 
on it is the conifold space. Adding one addition bosonic coordinates, one can achieve the 
Ricci-flatness. The topology of the space Kahler-Einsteins space of its basis is CP 1 x CP 1 , 
and T'( 1 ' 1 ) is a fibration over it. The superspace T^ 1 ' 1 ^ can be also viewed as an S* 1 
fibration over a basis. Indeed, one can guess that the basis is the generalization of the 
above considerations and 

CP 1 x CP 1 — ► CP (1|1) x CP (1|1) . (4.27) 

and therefore the superspace T^ 1,1 ' 4 ) is the symmetric fibration over CP (1|1) xCP (1|1) leading 
to 

(1)1|4) _ Osp(4\2) 
~ Osp{2\2) ' 

which is super- Ricci flat. Notice that one can also consider an Hopf fibration over a single 
CP (1|1) and this yields 

T (i,o|4) = Osp(A\2) m 

Osp(3\2) v ; 

which is not super-Ricci flat and we know that all other spaces, except T^ 1 ' 1 ) do not 
yield a supersymmetric vacuum. So, we could conclude that if the space turns out not 
to be a super-Ricci flat supermanifold, then the compactification is not supersymmetric. 
However, a complete analysis will be presented in a separate publication. 

Notice that again the number of fermions matches correclty, for each factor CP*- 1 ' 1 - 1 = 
577(2|l)/[/(l|l) is 2x1 — 1x1 = 1. This can be also seen from the explicit for of the 
metric for T^ 1 ' 1 ! 4 ) 

ds 2 = E S ®E S + aiE'E^u + E a E p e aP ) + ^E'E^u + E a E^e aP ) (4.30) 

where E s , (E 1 ,E a ), (E T ,E a ) are respectively a sinlget and two vector representations of 
Osp(2\2). The form of the metric if E s = da + A, where a is the coordinate on S* 1 of 
the fibration and A is the gauge field on S* 13 , shows that the even the superspace has the 
same structure of the orginal bosonic space. 



4.4 M-theory and seven dimensional supermanifolds 

Similar considerations apply for the M-theory seven dimensional spaces. Let us consider 
first the super-sevensphere S^ 7 ' 6 ). In order that this space is super-Ricci flat we need six 

3 The gauge field A is a superconnection and therefore it has bosonic and fermionc components A = 
(A^ly 1 + A a d6 a ) + (A I dy I + A a d§ a ) where {y 1 , y 1 , 6 a , 6 a ) are coordinate of CP (1|1) ®CP (M) . In order to 
determine the complete supercoonection given the bosonic counterparts we impose the usual superspace 
constraints, namely all fermionic components of the field strength are set to zero and we require that 
there is no gluino field, or equivalenty that first componet of the spinorial field strength is set to zero. 
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fermionic coordinates and this can be clearly obtained from the supercoset 



m Osp(8\6) 

Osp(7\6) { ] 

Notice that the supergroup Osp(8\4) is the supergroup compactification of the superme- 
mbrane on AdS& x S 7 . But this is not super-Ricci flat, on the other hand Osp(8\6) is 
super- Ricci flat. Again, it can be viewed as an Hopf fibration of a Kahler-Einstein space 
cp (3|3) = SU(4\3)/U(3\3). This space has 4x3-3x3 = 3 complex fermions which are 
mapped into 6 real fermions of S^ 7 ' 6 \ 
Another notable example is the space 

_ SU(3) x SU{2) x U(l) 
M ~ SU(2) x U(l) x U{1) ^ 6Z) 

which is a real sevem dimensional space. According to the general rule, the number of 
fermions needed to make it super-Ricci flat is six. This means that one way to converted 
the bosonic space into a supermanifold we can guess the following form 

M ~ SU(1\2) xSU {A - 66) 

To write the super metric we have to decompose the generators of S77(3|2) into those 
of the subgroup. We have (T A , T a ,T , Q^) where T A G su(3), T a e su{2) (in the adjoint 
repr.) and Qj are in the fundamental representation of SU(3) x SU(2). In addition, 
there is a charge carried by the fermions and generated by To. The generators of su(3) 
are decomposed into (Ts,T' A ) where T 8 is one of the generators of the Cartan subalgebra 
of su(3). The fermions are decomposed into = (Q^Q] — SjtrQ, trQ). Therefore, 
the generators of the subgroup are (T 8 ,T a ,Q^) © (T ,trQ). So, the supervielbeins are 
organized as follows 

(E A \ E)) = (e s , (e\ //), (e 2 , //), (e 3 , //)) (4.34) 

where e A (A = 1, 2, 3) are complex vielbeins corresponding to the generators (T 1 ±iT 2 , T 4 ± 
iT 5 ,T 6 ±iT 7 ) and /A are the fermions in a fundamental representation of SU(2). In this 
way we see that the the supervielbeins are organized according to the representations of 
S77(l|2). The field vielbein e s is a singlet. The decomposition (4.34) is aslo a representa- 
tion of the second subgroup. Therefore, the complete supermetric is given by 



ds = e s <g> e 



+ J2 9a (e A ® e A + /A ® // e ^) (4.35) 



where g\ have to be tuned in a way such that the metric is super-Ricci flat. However, it 
has to be checked if this is really possible. 
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There are other example as 

M ioo|6 = Ospm m 010|6 = 0sp{A\2) (2|2) 

Osp(h\A) ' Osp(3\2) v ; 

and they have different topologies: the first one has the topology S 5 x S 2 , and therefore 
it can be view as a fibration over CP 2 x CP 1 , the second one has the topology S* 3 x CP 2 
and it can be viewed as an S* 1 fibration of CP 1 x CP 2 . The two space constructed above 
are not super- Ricci flat, but they are super-Einstein spaces due to the presence of CP*-™'™). 

Notice that according to the previous considerations, we have that a super- Hopf fibra- 
tion can be derived as follows 

Osp(2n + 2\2n) _ (n|n) _ SU{n + l\n) 

Osp(2n+l\2n)- {b ^ )~^^ su{n \ n) ) ^) 

The two spaces in (4.36) are the two extreme case when the fibration is either over CP 2 or 
over CP 1 . In the other case, one has a mix of the two superspace which however cannot 
be written in a simple way. 

As an example of the super-Hopf let us consider the case of supersphere n = 1 in the 
above formula which is a super-Hopf fibration of CP*- 1 ' 1 - 1 . In particular, we can view the 
supersphere as the locus in pj 4 ! 2 ) given by the curve 4 

4 

]Tx 2 + e Q/ #^ = i (4.38) 
i=i 

The supersphere has the isometry Osp(4|2). On the other side, the space CP (1|1) is a 
super-Kahler and it is obtained by embedded the curve 

3 

^2xf + ee = i (4.39) 

i=i 

in the superspace P 3 ' 2 which has the isometry Osp(3\2). The Hopf map is obtained by 
setting the following identification 

Xl = 2{x l x 2 + x 3 x 4 ) - (x,x 4 - x 3 x 2 )e a pe a eP , 

x 2 = 2(X 1 X, - X 3 X 2 ) + {X X X 2 + X 3 X 4 )e Q/3 r^ , 

X3 = X 2 + X3 2 -X 2 -X 2 , (4.40) 

e = e 1 + ie 2 , 
= e 1 - ie 2 , 

In this way, one can see that there is the Hopf map between the S^ 3 ' 2 ) and CP*- 1 ' 1 - 1 . One can 
also see that for each point of CP* 1 ' 1 - 1 there is a circle in the bigger space. Notice that the 



4 Thc coordinates Xi have to be considered as even objects and not as numbers. This can be done 
using the technique of supcrmanifolds with a fix number of odd generators. 
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circle is purely bosonic. However, one can also find a circle (one parameter surface in the 
bigger space) with fermionic direction. Namely, the circle extends also in the fermionic 
part of the supermanifold. In the same way, one can show the Hopf fibrations for the 
other coset spaces. 

If we consider the space (4.31) as part of the vacuum of lid supergravity, we have 
to discuss also the rest of the space. The space S^ 7 ' 6 ) has only 6 fermions and therefore, 
the rest of the superspace should have 26 fermions. This, however, is not a multiple of 
4 and there is no such a supersymmetric vacuum. One possible choice is to consider the 
superspace CP*- 3 ' 4 -* and construct an Hopf fibration on it. This resembles the construction 
given in [45]. There, the compactification of CP 3 is studied. The resulting theory is 
N = 3 on AdSi with RR fluxes. The natural superspace construction is to replace CP 3 
with CP (3|4) and the AdS 4 with Osp(6\A)/SO(6) x SO(l, 3). The solution of type IIA can 
be embedded in M-theory by an Hopf fibration over CP 3 obtaining a compactifcation on 
a S 7 . Notice that the superspace 

os P m x cp(3 |4) (441) 



SO(Q) x 50(1,3) 

has already 32 fermions and it is not super-Ricci flat. Indeed, while the factor CP*- 3 ' 4 - 1 is 
a super-Calabi-Yau, the first factor is not super-Ricci flat unless a torsion is added (see 
[5]). So, it is conceivable that we can construct a new supermanifold that compensate the 
non-Ricci flatness of the first factor by adding an additional bosonic coordinate. On the 
other hand, we can render the second factor non-Ricci flat. 

4.5 F-theory and nine dimensional super manifolds 

Following the suggestions of the previous sections, we can consider the F-theory in 12- 
dimensions. One can compactify the theory on a nine sphere in order to preserve the 
super symmetry. It is natural to consider the space 

CP 2 x CP 2 (4.42) 

which is a symmetric product of compact spaces and this resembles the case of T^ 1 ' 1 ). In 
particular one can construct a space which is a fibration over (4.42) 

SU(3) x SU(3) x U(l) 



SU(2) x SU{2) x 17(1) x 17(1) 



which is a nine dimensional space. Obviously, there is also the nine sphere SO(10)/ S0(9) 
and this is obtained by an Hopf fibration over CP 4 . Therefore, in this case we have the 
following supermanifold 

S» - ^ = °" P{W ^ . (AAA) 
Osp(9\8) v ; 
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The space is super Ricci flat and it contains eight fermions. The metric can be computed 
in the usual way (see above). In addition, we can construct a superHoft fibrations starting 
by (4.42) and we have the two cases 

|8 = Osp(6\4) m k9l8= OspiM 

Osp(h\A) ' Osp(A\A) v ; 

Notice that the first one is not super-Ricci flat since CP*- 2 ' 2 - 1 is a super-Kahler-Einstein 
space and the first factor is super-Ricci flat. The second one is exactly one of the member 
of the series T( 2n l 2 ™-i) gi ven in (5.58). 



5 RR fields and supermetric 

We have already suggested that the flat supermetric in the fermionic direction is not a 
model-independent concept and therefore we would rather not use it. On the other side, 
for the applications we are interested in, we have to our disposal the RR field strengths 
that can indeed provide some bispinors. For example, the case of IIB supergravity in lOd, 
we have the following RR field content: 

WW — ryV P m _|_ ryV prnnp , uu p[mnpqr] (r 1 \ 

± Im ± ~ lmnp ± ~ '[mnpqr] 1 ' K'-'-^J 

where F m ,F^ mn ^ and F^ mnpqr ^ are 1-, 3- and 5-forms. They are the field strength of 
the RR fields. Notice that the Dirac matrices 7^ and 7^ npgr ] are symmetric in the 
spinorial indices while j^ np i s antisymmetric. Therefore, it is natural to identify non- 
anticommutativity of the Grassmann coordinates 9^ with the symmetric part of the RR 
field strength and the first component of the supermetric in the fermionic direction with 
the antisymmetric part of the RR field strength 

g flu (x,6)= 1 ^F^ + 0(6). (5.2) 
We have to notice that by the choice (5.2) we have to change the gauge fixing into 

g^(x, B)0^e v = ^p] F [ m np] d „ d , _ 

The consequences of these choices will be presented somewhere else where the construction 
of the supermetric from string theory will be presented. It is however very satisfactory to 
see that all RR fields have an interpretation from a supergeometry point of view. 
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A Equation for R m b = at the lowest order in 6. 

In this section, we display the formula for the lowest order exapnsion of the mixed fermion- 
boson component of the super Ricci tensor. Again, from this equation we can find that 
there are enough free parameters that can be fixed to solve it algebraically. 



R 



mb 



1 



9^ ( tmbg;qp tqbg;mp fqpbg;m ~\~ fmpbg;q) 



+ ^ 9 P9 h (2 tq(eb) + h e i, q )(t m fg. p + t p fg- m fmpfg) 
1 pq 

~~ ^ 9 PQ h (2 t m ( e ft) + h e i, jm )(t q fg-p + t p fg. q — fqpfg) 

~ (iVmbdcg U^mcdbg ^dcbg,m ldbcg,m) 

^ 9 P<} h (2 tqfa] hdc,q) {tpbg,m ^rnbg,p ~l~ fpmbg) 

^ 9^ q h (2 tq[dQ hdb,q){tpcg,m ^mcg,p fpmcg) 

~4 (2t m (e6) + h ebtm )(lf dcg — lf cd g — Idcfg) 

+- h cd h ef g pg tgfg (2 t m(efe) + h ebtTn )(2 t p [ dc ] - h dCtP ) 
1 cd 

— - h° h e (2t m ( ec ) + h ec>m )(lfd bg — Ifbdg — Idbfg) 

+- h cd h ef g pq t qf g (2t m(ec ) + h eCtm )(2t p [ db ] - h db:P ) 

^ 9^ tqcg (/ 'mpdb ~\~ h d b;mp 2 tmbd;p 2 tp db ^ m tp bd ;m tmdb;p) 
1 cd 

+ 4 9 P9 h c h et t qC g (2 t m ( ed ) + h ed>m )(2 t p (f b ) + hf b>p ) 



(A.l) 



g pq h cd h ef tq C g (2 t m ( eb ) + h ebim ) (2 t p ^ d ) + hf djl 



9 9 + 0(9 3 ) = 0, 
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B Expansion using supervielbeins 



In the present appendix, we give an alternative way of proceeding using the supervielbeins- 
super connect ion description of Ricci tensor. This technique seems to be useful, when the 
supervielbeins can be easily computed. One part of the system is simple to solve, but the 
complete system has the same problems as the metric approach used in the text. 

As in the present case when there are just two fermionic directions, the supervielbein 
and superconnection ^-expansions are given by 



7-1 a Otti o I 27-1 a r\l 
& m - & m + & > 

(B.l) 



771 a 1771a nu 



771 a 1771 a nu 
& m - & mu U > 

jjj o 0g a _|_ 2g a q2 

\x fx fx 

and 

n« on« I 2 (~) a ffl 

J ' bm ~ A ' bm ' A ' brn° 1 

bfj, biiv ' 

no ina nu 

ic 0m ~ " fimu u 1 

n a g =°n a 3u + 2 n a gu 9 2 , , N 

QO: Ona , 2q« /i2 

1 ' /3m ~ /3m * 1 ' /3m P > 

where °E ^ and °Q a bm are the ordinary vielbein and spin-connection over the body M. m . 
In order to simplify calculations, one can fix the gauge with respect to superdiffeomor- 
phisms assuming that 

E^e* = 5\e* (b.3) 

and 

n\6» = 0, (B.4) 

which in terms of components is equivalent to set 1 E a ^ = , °E a ^ — 5°^ , °Q a /3 — °Q a b — 
'^^[H =1 ^^[H = . To solve the super Ricci-flatness condition, we have to deal with 
the definition (2.8) of spin-superconnection and the equation 

{q A b[mn] _ ( _ 1} M(B + C) ^ An C m)=0 (R5) 

obtained by contracting a couple of superindices in (2.11). Introducing expansions (B.l) 
and (B.2) into (2.8) one gets eleven equations one of which is nothing but the usual 
definition of spin-connection over the body manifold Ai m while the other ones can be 
solved algebraically by using 2 £ « , ^ , E« v , >E« , 2 fi« 6m , ^ > ° Q V > 1Q V ' 
2 Q a /3 ^, 2 Q% f j i - Then we have five more equations coming from ^-expansion of (B.5). The 
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three lowest order ones corresponding to boson-boson, boson-fermion and fermion-fermion 
sectors of the Ricci supercurvature respectively read 

°Rbn = -^Ina > =1 ^(aiy) > ( B - 6 ) 

2 1 1 1 1 la imoa 

V[a ^% t ] p + ^ /3n £ W ~ ^ n & p^p + ~ E^ ap fi"^ # %nn = (B.7) 

and it is evident that also these equations can be solved algebraically by 1 Q c l na , l Q a pr av ) > 
2 M 3n . In conclusion, the whole system of conditions boils down to a couple of equations 
corresponding to highest order contributions to the Ricci supertensor: in particular from 
the boson-boson and fermion-fermion sectors one respectively obtains 

V[a ^ H +^W n \n ]( , ^ + °R a bmn - \ Vn 

111 

+ 2 1Q W^ln, e pa - 2 '^W^W ^ + - 'E " a ^ (B.8) 

and 

Such a mechanism works recursively in any fermionic dimension, so in general the con- 
sistency condition which determines when an ordinary manifold can be embedded into a 
super Ricci-flat supermanifold consists also at non-linear level of one tensorial and one 
scalar differential equation for the Ricci tensor of the body manifold M. m . 
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